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Recently a general principle, called c-extremization, which determines the exact R-symmetry of
two-dimensional CFTs with N = (0, 2) supersymmetry was identified. In this note we show that the
supergravity dual corresponds to the extremization of the T -tensor of N = 2 gauged supergravity
in three-dimensions. To support this claim, we demonstrate that the expected central charge of
CFTs arising from twisted compactifications of four-dimensional N = 4 SYM on Riemann surfaces,
whose gravity dual is a reduction of five-dimensional U(1)3 gauged supergravity, is recovered in the
three-dimensional framework.
INTRODUCTION
As arguably the most concrete example of the holo-
graphic principle [1], the AdS/CFT correspondence [2]
states that any solution of string theory with an Anti-de
Sitter (AdS) factor should be equivalent to a conformal
field theory (CFT) in one space-time dimension lower.
This correspondence and its generalisations have proved
instrumental in offering unrivaled insights into the non-
perturbative regime of quantum field theories and the
quantum nature of black holes.
Within this context, backgrounds with AdS3 factors
are particularly appealing since, in contrast to higher-
dimensions, the conformal group in two-dimensions is in-
finite dimensional and as a result the CFTs are much
more tractable. Indeed, it is a well-known fact [3] that
the entropy of a class of five-dimensional black holes can
be derived from the central charge of N = (4, 4) CFTs
dual to AdS3×S
3×CY2 backgrounds of type IIB super-
gravity.
Moreover, what makes three-dimensions historically
well-suited to holography is the pioneering, pre-
AdS/CFT observation [4] which states that any consis-
tent theory of quantum gravity in three-dimensions with
AdS asymptotics defines a two-dimensional CFT. It is in
this spirit that we have witnessed a resurgence in vari-
ants of General Relativity, notably Topologically Massive
Gravity (TMG) [5] and New Massive Gravity [6]. This
interest extends to various (warped) AdS3 black holes
[7, 8], solutions which also crop up in three-dimensional
supergravity [9, 10], and the microscopic degrees of free-
dom of the dual field theory. Remarkably, it has recently
been suggested that TMG may act as a conduit to holog-
raphy in asymptotically flat space-times [11].
In this letter, working directly with three-dimensional
gauged supergravity, without recourse to higher-
dimensional string theory constructions, we show how the
exact R-symmetry and central charge of AdS3 vacua dual
to N = (0, 2) CFTs may be identified. As such, our pre-
scription provides a supergravity dual for c-extremization
[12, 13], a recently identified lower-dimensional counter-
part of a-maximization [14]. Since the R-symmetry can
mix with flavour symmetries for supersymmetric theories
flowing to IR fixed-points, these respective principles ex-
tremise polynomials constructed from ’t Hooft anomalies,
which are recognised invariances of RG flows, to deter-
mine the exact R-symmetry.
Via AdS/CFT, a-maximization [14] can be recast in
terms of volume minimization of Sasaki-Einstein man-
ifolds [15, 16] so that the Reeb vector dual to the R-
symmetry is picked out from a linear combination of
candidate U(1) isometries. Subsequent studies [17, 18]
have shown a-maximization and volume minimization to
be formally equivalent. More generally, a-maximization
has an interpretation in terms of the minimization of the
Killing prepotential of N = 2 gauged supergravity in
five-dimensions [19], a fact put to use in [20] to identify
the R-symmetry for a family of supergravity solutions
[21, 22] based on wrapped M5-branes.
Recent developments beg the question what is the holo-
graphic dual description for c-extremization. To address
this problem, we retrace the arguments of [19] in the nat-
ural language of three-dimensional gauged supergravity
and, in the so-called T -tensor of N = 2 gauged super-
gravity, we identify a function that, when extremised, de-
termines the R-symmetry and central charge. As we shall
see, when the SO(2)R ∼ U(1)R R-symmetry is gauged,
the scalar potential is only a function of T , meaning that
the extremization of T naturally leads to AdS3 vacua.
REVIEW OF c-EXTREMIZATION
In a non-conformal N = (0, 2) supersymmetric the-
ory with U(1)R R-symmetry, the R-symmetry is not
uniquely defined and mixing of U(1)R with the other
Abelian flavour symmetries is permitted. At a confor-
mal fixed-point this changes and an exact superconfor-
mal R-symmetry is picked out. To identify this exact
R-symmetry at the superconformal fixed-point, [12, 13]
2introduced a “trial R-current”
Ωtrµ (t) = J
r
µ +
∑
M( 6=r)
tMJ
M
µ , (1)
where Jrµ is a choice of the R-symmetry current and
JMµ (M 6= r) are Abelian flavour symmetry currents.
From Ωtrµ (t) one constructs a quadratic function c
tr
R(t)
which is proportional to the ’t Hooft anomaly of Ωtrµ (t):
ctrR(t) = 3

krr + 2 ∑
M( 6=r)
tMk
rM +
∑
M,N( 6=r)
tM tNk
MN

 ,
(2)
where kMN are the ’t Hooft anomaly coefficients. Re-
call that these anomalies arise in the context of theories
with U(1)P global symmetry when the theory is coupled
to non-dynamical vector fields AMµ ,M = 1, . . . , P, in a
curved background with metric gµν . The anomalous vi-
olations of current conservation are then given by
∇µJMµ =
∑
N
kMN
8π
FNµνǫ
µν , ∇µT
µν =
k
96π
gναǫµρ∂µ∂βΓ
β
αρ,
where FM = dAM , Tµν is the stress tensor and Γ
β
αρ is
the Levi-Civita connection for gµν .
The trial c-function (2) can be motivated from a study
of the N = 2 superconformal algebra [12, 13]. In par-
ticular, for supercharges Q with R-charge 1, the algebra
fixes a relation between the central charge cR and the
R-symmetry anomaly cR = 3k
rr. In addition, it can be
shown in a renormalization scheme where all currents are
primary fields that there are no mixed anomalies between
the superconformal R-current and flavour currents. This
imposes the constraint krM = 0, ∀M 6= r, and leads to
the extremality condition
∂ctrR
∂tM
(t0) = 0, ∀M 6= r. (3)
Since ctrR(t) is quadratic, there is a unique solution t0.
N = 2 SUPERGRAVITY
Here, following the notation of [24], we present a suc-
cinct review of N = 2 gauged supergravity in three-
dimensions. The field content comprises scalar fields φi,
spinor fields χi, both with i = 1, . . . , d, a dreibein e aµ , the
spin-connecton ωabµ and two gravitini ψ
I
µ, I = 1, 2, which
transform under the R-symmetry group SO(2)R.
The target space for scalars is a Ka¨hler manifold. As
such, it is convenient to decompose the d real fields into
d/2 complex ones and their corresponding complex con-
jugates, φi → (φi, φ¯i¯). The Ka¨hler manifold can then be
locally written in terms of a metric gi¯i = ∂i∂i¯K where
K(φ, φ¯) is the Ka¨hler potential.
As explained in [24], a subgroup of isometries may be
gauged through the introduction of an embedding ten-
sor ΘMN which defines the Killing vectors that generate
the gauge group X i = gΘMNΛ
N (x)XNi, where g is the
gauge coupling constant and ΛN (x) denotes the gauge
group parameters. As is customary, the embedding ten-
sor appears along with gauge fields AMµ in the definition
of covariant derivative
Dµφ
i = ∂µφ
i + gΘMNA
M
µ X
Ni, (4)
and also appears in the (Abelian) Chern-Simons (CS)
term in the Lagrangian
LCS =
1
2
gǫµνρAMµ ΘMN∂νA
N
ρ . (5)
The embedding tensor also crops up in the T -tensor
T = 2VMΘMNVN where V is the moment map of the
gauged isometries. We observe here that the T -tensor is
quadratic in the moment maps, so structurally it bears
some resemblance to the trial c-function (2).
Lastly, the scalar potential of the gauged theory may
be expressed in terms of a real superpotential F :
V = −g2
(
8F 2 − 8gi¯i∂iF∂i¯F
)
, (6)
where one can choose F to be one of the eigenvalues of the
gravitino mass matrix F = −T±eK/2|W |, whereW is the
holomorphic superpotential satisfying ∂iW¯ = ∂i¯W = 0.
The potential tells us that, even in the absence of gaug-
ing, one can generate a cosmological constant with con-
stant W . An alternative way to do this involves gauging
the R-symmetry group, in which case T is a non-zero
constant with W = 0. When the R-symmetry is gauged
W must vanish since it transforms non-trivially under
SO(2)R.
Dual of c-extremization
Now that we have discussed the rudiments of N =
2 gauged supergravity, we can recast the argument of
[19] in terms of three-dimensional language. We start
by noting that the embedding tensor ΘMN encodes the
CS terms and as observed in [13] these correspond to
the ’t Hooft anomalies kMN . The exact relationship for
wrapped D3-brane geometries we will introduce later.
Next, we remark that for two-dimensional supercon-
formal theories, the corresponding AdS3 dual geometry
will preserve four supersymmetries. In particular, one
can verify that the Killing spinor equations [24] are sat-
isfied when ∂iT = 0. Going further, from an analysis
of the anti-commutator of the supercharges acting on
the scalars, one can infer that the superconformal R-
symmetry is
R = s˜MQM = tV
MQM , (7)
3where QM ,M = 1, . . . , P, are charges corresponding to
the currents JMµ and t is a constant of proportionality.
As in [19], the gauge transformation for the gravitino [24]
Dµψ
I
ν = ∂µψ
I
ν + gΘMNA
M
µ V
NIJψJν · · · (8)
allows us to use the fact that the gravitino has R-
charge one to fix the constant of proportionality, i.e.
s˜MΘMNVN = 1, leading to
s˜M = 2T−1VM , (9)
where T is the T -tensor we introduced earlier. We are
now in a position to propose the supergravity trial c-
function
cR ∝ s˜
NΘMN s˜
M = 2T−1. (10)
Observe that this trial function is extremised when ∂iT =
0 which is precisely the condition for a supersymmetric
AdS3 vacuum. Furthermore, for D3-branes wrapped on
a Riemann surface Σ, we can infer the constant of pro-
portionality from (3.15) of [13],
kMN =
ηΣ dG
2
ΘMN , (11)
where dG is the dimension of the gauge group G and ηΣ
is related to the volume of the Riemann surface 12pivolΣ =
ηΣ. We now recall that the trial c-function (2) is of the
form cR ∼ 3kMN ∼
3
2ηΣ dGΘMN , where we have used
(11). This suggests that the trial c-function from the
supergravity perspective should be
cR =
3ηΣ dG
T
. (12)
In the next section, we show that this formula recovers
the expected central charge for the wrapped D3-brane
geometries discussed in [12, 13].
AdS3 VACUA FROM D3-BRANES
In this section, to back up our claim, we revisit the
initial example of c-extremization presented in [12] (later
in [13]), but here recast it in the language of three-
dimensional gauged supergravity. Our point of depar-
ture will be five-dimensional U(1)3 gauged supergravity,
which in turn may be embedded into type IIB supergrav-
ity in ten dimensions [25]. The action reads
e−1L5 = R−
1
2
2∑
i
(∂ϕi)
2 −
1
4
3∑
i
X−2i F
i
ρσF
iρσ
+ V5 +
1
4
ǫµνρσλF 1µνF
2
ρσA
3
λ, (13)
where e is the determinant of the vielbein, Ai denotes
the gauge fields, V5 labels the potential
V5 = 4
3∑
i
X−1i , (14)
and for completeness we define the constrained scalars
X1 = e
− 1
2
(
2√
6
ϕ1+
√
2ϕ2
)
, X2 = e
− 1
2
(
2√
6
ϕ1−
√
2ϕ2
)
, (15)
with X3 following from the constraint X1X2X3 = 1. Ob-
serve also that for simplicity we have set the gauge cou-
pling of the U(1)3 theory to unity g = 1. This theory
permits the following chain of further consistent trun-
cations: {ϕ2 = 0, F
1 = F 2} → U(1)2 gauging and
{ϕ1 = ϕ2 = 0, F 1 = F 2 = F 3} → minimal gauged super-
gravity, where in the latter case the retained gauge field
is the graviphoton.
To establish a connection to three-dimensions, we
adopt the following ansatz for five-dimensional space-
time
ds25 = e
−4Ads23 + e
2Ads2(Σ), (16)
where A is a scalar warp factor and Σ is a Riemann sur-
face with constant curvature κ = −1, 0, 1. In tandem, we
take an appropriate ansatz for the field strengths
F i = −aivolΣ +G
i, (17)
where closure of F i implies that ai are constants and
that associated to each Gi we have gauge potential Bi,
Gi = dBi. In addition, we make the natural assumption
that the scalars ϕi do not depend on the coordinates of
the Riemann surface.
Plugging the ansatz into the five-dimensional equations
of motion and reconstructing the Lagrangian, or alterna-
tively performing the reduction at the level of the action,
one finds a three-dimensional theory of the form
e−13 L3 = R− 6(∂A)
2 −
1
2
2∑
i
(∂ϕi)
2
−
e4A
4
3∑
i
X−2i G
i
ρσG
iρσ + V3 (18)
−
1
4
ǫµνρ|ǫijk|aiB
j
µ ∧G
k
νρ,
where the final line corresponds to the topological Chern-
Simons (CS) term and the new potential is
V3 =
3∑
i
[
4
e−4A
Xi
−
1
2
e−8A
X2i
a2i
]
+ 2κe−6A. (19)
We can now dualise the gauge fields to bring the action
to the canonical form of a non-linear sigma model coupled
to gravity [24]. To do this, we redefine the field strengths
Gi = X2i e
−4A ∗DYi, DYi = dYi −
1
2
|ǫijk|ajB
k (20)
and rewrite the fields eWi = e2AX−1i . This rewriting has
the added bonus that the scalars are then canonically
4normalised. In performing this action, the CS terms re-
main and one can check that varying the gauge fields
leads to the duality relations (20).
The structure of N = 2 supergravity is now manifest.
In particular, one can see that the scalar manifold cor-
responds to the coset [SU(1, 1)/U(1)]3 where each factor
is parametrised by a complex coordinate
zi = e
Wi + iYi. (21)
This is in line with expectations, since in [9] the same
coset appears when ungauged five-dimensional super-
gravity is reduced on an S2. However, one important dis-
tinction here is that the R-symmetry is gauged soW = 0.
To make the Ka¨hler structure of the scalar target space
more explicit, we can introduce a Ka¨hler potential
K = −
3∑
i
log(ℜzi). (22)
Now that we understand the scalar manifold, it is rela-
tively easy to extract the T -tensor
T =
3∑
i
[
1
2
e−Wi −
1
4
eKaieWi
]
, (23)
and check that it reproduces the expected terms in the
potential (19). The required gauging of the R-symmetry
can also be verified from reducing the Killing spinor equa-
tions from five-dimensions.
We can now minimise the potential with the super-
symmetry condition a1 + a2 + a3 = −κ [23] leading to
the general supersymmetric AdS3 vacuum presented in
[12, 13]. This is also a critical point of T as expected for
supersymmetric critical points.
In terms of T , the AdS3 radius is now ℓ = 1/(2T ).
One can then determine the central charge by using the
standard holographic prescription [4, 26]
cR =
3ℓ
2G(3)
. (24)
resulting in the expression
cR = −12ηΣN
2 a1a2a3
Θ
,
Θ = a21 + a
2
2 + a
2
3 − 2(a1a2 + a1a3 + a2a3), (25)
which is, as expected, in perfect agreement with [12, 13].
As an added bonus, one can also confirm that the exact
superconformal R-symmetry (7), (9) agrees with [13]:
TR =
3∑
i=1
2ai(2ai + κ)
Θ
Ti, (26)
where Ti are the generators of the SO(2)
3 global symme-
try [33]. While the canonical R-symmetry can be iden-
tified from higher-dimensions [27], we believe this is the
first statement purely in three-dimensional supergravity.
SUMMARY
In this letter, we have proposed a natural three-
dimensional supergravity description of c-extremization
for CFTs with N = (0, 2) supersymmetry. In light
of the work of [19], it is not too surprising that the
T -tensor is the function being extremised. From the
gravity perspective, it is already understood [28] that
the holographic c-function should be inversely propor-
tional to the real superpotential, and for certain three-
dimensional flows, this is the case [29]. However, the fact
that we also recover the R-symmetry is certainly novel
and it means that one can identify the R-symmetry di-
rectly in three-dimensional supergravity without recourse
to higher-dimensions. The task remains to identify the
gauged supergravities corresponding to the wrapped M5-
brane examples presented in [13]. We also hope to iden-
tify three-dimensional gauged supergravities which arise
from dimensional reductions of generic wrapped-brane
geometries, such as those discussed in [30–32].
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